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Topological Data Analysis

Exploit the extracted features
to describe, characterize,
and discriminate data
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Compute the topological features of
the retrieved shape

Associate a topological
structure to a dataset
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Persistence & Stability

~

(Persistent) Homology allows for assigning to any (filtered) simplicial complex
topological information expressed in terms of algebraic structures

----------------------------------------------------------------------------------------------
* *

th

birth

Features

-----------------------------------------------------------------------------------------------

----------------------------

* *
llllllllllllllllllllllllllll

Today, we address two main questions:

+ Can this topological information be characterized in a simpler and “more
visualizable” way?

( Is this information stable under small perturbations of the input data?

~
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Persistence & Stability

rGiven a filtration &: KOCKLIC ... K™ keN, and a field F,

its persistence module M := EB Hi(KP?;F) is a finitely generated [F [x]-module
peEN

The corresponding structure theorem ensures us that

--------------------------------

T i The persistence module M can be expressed as

M = P Fle)(-p;,) & @ (Flal/ (2% 7)) (=p;)
k=1 j=1

\_

J

So, the persistence module M is completely determined by its persistence pairs

Qe., the collection of the pairs (pi, gi), (p’i, ©o)

~
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Persistence & Stability
4 o

C The core information of persistent homology is given by the persistence pairs )

Given a filtration &: KO C K1 C ... C K™,
Ko/ Kl/ ) )
/ - / |
A persistence pair (p, g) is an element in {0, ..., m} x ({0, ... ,m} u {eeo}) such that p < q
L representing a homological class that is born at step p and dies at step g J

IN
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Persistence & Stability
4 o

C The core information of persistent homology is given by the persistence pairs )

Given a filtration &: KO C K1 C ... C K™,

AR AAN
/ /

(2, 3)

IN

A persistence pair (p, q) is an element in {0, ..., m} x ({0, ... ,m} u {eo}) such that p < g
L representing a homological class that is born at step p and dies at step g J
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Persistence & Stability
4 o

C The core information of persistent homology is given by the persistence pairs )

Given a filtration &: KO C K1 C ... C K™,
Ko/ Kl/ )
/ - / |

(2, o) essential pair

IN

A persistence pair (p, q) is an element in {0, ..., m} x ({0, ... ,m} u {eo}) such that p < g
L representing a homological class that is born at step p and dies at step g J
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Persistence & Stability

Differently from homology, persistent homology provides
a notion of “shape” closer to our everyday perception

------------------------------------------------------------------------------------------------------------------------------------------------------------------
.
* *

. S
------------------------------------------------------------------------------------------------------------------------------------------------------------------
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Persistence & Stability

Differently from homology, persistent homology provides
a notion of “shape” closer to our everyday perception

----------------------------------------------------------------------------------------------------------------------------------------------
.
*

It is possible to compare two shapes by comparing their ho

. .
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Persistence & Stability

Differently from homology, persistent homology provides
a notion of “shape” closer to our everyday perception

----------------------------------------------------------------------------------------------------------------------------------------------
.
*

It is possible to compare two shapes by comparing their ho

. .
----------------------------------------------------------------------------------------------------------------------------------------------------

In order to better perform the above task, we need:

+ Visual and descriptive representations for persistence pairs

+ Notions of distance between sets of persistence pairs and stability results

\_
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Persistence & Stability

+ Persistence Pairs and their Visualization

+ Stability Results for Persistent Homology
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Persistence & Stability

+ Persistence Pairs and their Visualization

Results for Persistent Homology
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Visualizing Persistence Pairs

@iven a filtration &,

-----------------------------------------------------------------------------------------------------------------------
. 3
* *

L3 .
. S
-----------------------------------------------------------------------------------------------------------------------

+ Half-open intervals [Edelsbrunner et al. 2002]

Persistent pairs of & can be visualized through: R

+ Barcodes [Carlsson et al. 2005; Ghrist 2008] s : o

+ Persistence diagrams [Edelsbrunner, Harer 2008] 24 .

+ Persistence landscapes [Bubenik 2015] ﬁlg H7/
+ Corner points and lines [Frosini, Landi 2001] 2 %: }

2 4

6
birth

8§ 10 12

Q k-triangles [Edelsbrunner et al. 2002]

_J
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Visualizing Persistence Pairs

---------------------------

Barcodes: Persistence pairs are represented as intervals in R
- - -
0 1 2 3 00
§ >
Ho |
H1
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Visualizing Persistence Pairs

-------------------------------------------------

0
-------------------------------------------------

death

Persistence pairs are represented as points in R?

°
31 o Ho
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19
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birth

(0, 1)
(0, oo)
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(2, 3)
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Visualizing Persistence Pairs
O — ~

: Persistence Dlagrams Persistence pairs are represented as points in R x (R u {eo})

0
-------------------------------------------------

0 1
31 ° ( 0, oo) (21 oo)
=
S 2
5
14 Formally, a persistence diagram is a multiset

+ Points are endowed with multiplicity

*
0 .
------------------------------------------------------------------------------

! L D
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Visualizing Persistence Pairs

~

Both tools visually represent the

lifespan of the homology classes:

+ Barcode: length of the intervals

+ Persistence Diagram: distance from the diagonal

-------------------------------------------------------------------------------
. .

Barcodes and Persistence Diagrams
encode equivalent information

G .
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Visualizing Persistence Pairs

Barcodes and Persistence Diagrams encode equivalent information

%%%%%%%%%%%% 1.

-------------------------------------------------------------------
g
* *

A visualization can be easily

I I ¢ “translated” into the other one:
B R ) [pl q] (pl q)
[P; °°) (pl °°)
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Visualizing Persistence Pairs

g
.
------------------------------------------------------

------------------------------------------------------------------------------------------------
. .
03 .

Persistence landscapes are statistics-friendly 2 A1 X
representations of persistence pairs 508 N .
: 0 2 4 6 8 10 12

* .
- .
------------------------------------------------------------------------------------------------

Given a persistence module M, persistence landscapes

+ Consist of a collection of 1-Lipschitz functions
+ Lieina vector space

+ Are stable (under small perturbations of the input filtration)

L Image from [Bubenik 201y
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Visualizing Persistence Pairs

Mi(2) == sup{m > 0| g7~ "™*T™ >4}

where Ba’b = dim(im(aa,b M, — Mb))
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Visualizing Persistence Pairs

.
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Persistence & Stability

and their Visualization

+ Stability Results for Persistent Homology
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Stability of Persistence Pairs

~

In order to be adopted in real applicative domains, it is crucial that

persistent homology is not affected by noisy data and small perturbations

--------------------------------------------

-----------------------------------------

--------------------------

--------------------------

(The term “distance” is intended in a broad sense, including pseudo-metrics and dissimilarity measures
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Stability of Persistence Pairs

* *
----------------------------

+ For the Data in Input:

+ Natural pseudo-distance of shapes

« L_-distance of filtering functions

+ Gromov-Hausdorff distance of metric spaces/point clouds
+ For the Retrieved Persistent Homology Information:
+ Interleaving distance of persistence modules
+ Bottleneck (a.k.a. Matching) distance of persistence diagrams
+ Hausdorff distance of persistence diagrams

+« Wasserstein distances of persistence diagrams
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Stability of Persistence Pairs

-------------------------------------------------------

-------------------------------------------------------

Let (X, f) be a pair such that:

+ Xis a (triangulable) topological space

+ f: X— R is a continuous function

A pair (X, f) induces a filtration:
+ X'i=f (00, t])

T TT T T TT TP . Image from [Ferri et al. 2015]
- Definition: ' R
teagansssssnnnsnsansnnnnnnnnnnns® . The functionfis Cal/ed tame If

+ fhas a finite number of homological critical values (i.e. the “time” steps in which
homology changes)

( Forany k € Nand t € R, the homology group Hi(X", F) has finite dimension )
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Stability of Persistence Pairs

-------------------------------------------------------

--------------------------------

.
------------------------------

Given two pairs (X, f) and (Y, g), their natural pseudo-distance dy is defined as:

dn ((X, f), (Y, g)) = {TZGH(X,Y){maXxeX{f(?f)];é(o lh/()ﬂltzl}(z)}

where H(X, Y) is the set of all the homeomorphisms between X and Y

\_ _/
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Stability of Persistence Pairs

-------------------------------------------------------

Working with two functions f, g: X — R defined on the same topological space X,

one can simply consider the L_-distance between f and g

I = gll 1= sup {1 /() - g(x)]}

L : Image from [Rieck ZOIy
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Stability of Persistence Pairs

-------------------------------------------------------

--------------------------------

.
------------------------------

A correspondence C: X3 Y from X to Y is a subset of X x Y such that

the canonical projections nx: C— X and ny: C — Y are both surjective

The distortion dis(C) of a correspondence C: X3 Y is defined as:
dis(C) := sup {|dx (z,2") — dy (y,y')| : (z,9), (2", y') € C}

The Gromov-Hausdorff distance dey between (X, dx) and (Y, dy) is defined as:

1
dey(X,Y) = 5 inf{dis(C)|C : X =2 Y is a correspondence}
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Stability of Persistence Pairs

-----------------------------------------------------------------------------------------------------
.

------------------------------------------------------------------------------------------------------

Two persistence modules M and N are called s-interleaved with € > 0 if there exist
f and g such that, for any p, q € R with p < g, the following diagrams commute

> My,
> Npte Npte > Ngte
> p+6 p+6 > Mq_|_5
> Ng
Definition: ' ™

------------------------------

Given two persistence modules M and N, their interleaving distance d, is defined as:

di(M,N) :=inf{e > 0| M and N are e-interleaved}
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Stability of Persistence Pairs

-----------------------------------------------------------------------------------------------------

--------------------------------

Image from [Rieck 2016]

------------------------------

Given two persistence diagrams D1 and D,,

their bottleneck distance dg and Hausdorff distance du are defined as:

dp(Dy, D) = int { sup {|e = (2)]lc} }

Y xEDl

dy (D1, Ds) := max{xseup { mf {Hx—y”oo}} yseup { mf {Hy—:vHoo}}}

where y ranges over all bijections from D; to D;

N o
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Stability of Persistence Pairs

-----------------------------------------------------------------------------------------------------
.

-----------------------------------------------------------------------------------------------------

--------------------------------

e ngamnnnnnnnnnnnnnnnnnnnnnnnnns® * leen two pers’stence dlagl’amS Dl and DZ,

their bottleneck distance dg and Hausdorff distance du are defined as:

dp(Dy, D) = int { sup {|e = (2)]lc} }

Y xEDl

dy (D1, Ds) := max{xseup { mf {Hx—y”oo}} yseup { mf {Hy—:vHoo}}}

where y ranges over all bijections from D; to D;

-
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Stability of Persistence Pairs
(e, ~

* .
-------------------------------------

Given two pairs (X, f), (Y, g) of topological spaces and tame functions and k € N, let M, N be the
induced kth persistence modules and let D1, D, be the corresponding persistence diagrams

+ dg(D1,D3) < dp(Dy,D>)

+ drf(M,N) =dg(D1,D>)

--------------------------------

.
------------------------------

Under the above hypothesis, the following optimal lower bound holds

dr(M, N) < dy (X, £), (V,9))
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Stability of Persistence Pairs

---------------------------------------

* .
-------------------------------------

--------------------------------

------------------------------

Given two tame continuous functions f, g: X — R

on a topological space X, k € N, and Dy, D4 the induced kth persistence diagrames,

dp(Dy, Dg) < |[f = glleo
\_ J
L Images from [Rieck 201y
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Stability of Persistence Pairs

---------------------------------------

* .
-------------------------------------

--------------------------------

------------------------------

Given two finite metric spaces (X, dx), (Y, dy), k € N, and Dx, Dythe kth persistence

diagrams of the filtrations of the Vietoris-Rips complexes generated by X and Y,

dp(Dx,Dy) < dgu(X,Y)

~
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